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ABSTRACT. Let R be alocally finitely generated algebra over a discrete valuationifing

of mixed characteristic. For any of the homological properties, the Direct Summand The-
orem, the Monomial Theorem, the Improved New Intersection Theorem, the Vanishing of
Maps of Tors and the Hochster-Roberts Theorem, we show that it holdsdad possibly
some other data defined ov&r, provided the residual characteristic Bfis sufficiently

large in terms of the complexity of the data, where the complexity is primarily given in
terms of the degrees of the polynomials oVethat define the data, but possibly also by
some additional invariants.

1. THE RESULTS

Let V be a mixed characteristic discrete valuation ring with uniformizing parameter
7 and residue field: of characteristip. We say thatR is alocal V'-affine algebraof V-
complexityat most, if it is of the form (V[ X] /1), with X a tuple of at most variables/
andm ideals generated by polynomials of degree at mpahdm a prime ideal containing
I andw. Similarly, we say that an elemeatin R (respectively, a tupl& in R; a matrix
I" defined overR; an ideall in R; a finitely generated-moduleM; or, an R-algebras)
hasV-complexity at most, if R hasV-complexity at most anda is the image inR of
a fractionf /g with f andg polynomials of degree at mostandg ¢ m (respectively, the
length ofx is at mostc and each of its entries h&5-complexity at most; the dimensions
of I' are at most and each of its entries h&scomplexity at most; the ideall is generated
by elements of/-complexity at most; the modulelM can be realized as the cokernel of a
matrix of V-complexity at most; and, theR-algebraS hasV -complexity at most).

Theorem 1.1 (Asymptotic HomologicalP-Theorem) Let P be one of the homological
properties listed below. For each € N, there exists a bound € N, such that iflI/
is a mixed characteristic discrete valuation rinfj,a local vV -affine algebra, ando some
other data defined ovek, all of V-complexity at most (and possibly with some additional
constraints in terms af indicated below), and if the residual characteristiclois at least
¢, then propertyP holds forzw.

Direct Summand Theorem.: Given a module-finite ring extensidd C S, if R is
regular, thenR C S splits as ankR-module morphism.

Monomial Theorem.: Given at most monomialstY #: in at mostc variablesY and
given a system of parametexsof R, such thatc R N V' hasV -adic valuation at
mostc, if Y#o does not belong to the ideal IH[Y] generated by the remaining
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monomialsY #i, thenx*° does not belong to the ideal iR generated by the

remainingx*.
Improved New Intersection Theorem.: Given a finite free complex
(F.) 0— R Lo gaey Lomt o Ta par Th pao )

over R with s, a; < ¢ and a minimal generator of Hy(F,) generating a module
of length at most, if eachR/I,,(I';) has dimension at most— : and parameter
degreé at mostc, where
=y (=1)""a;,
Jj=t

andd is the dimension oR, thenF, has length at leasf. Here we writel,,(T")
for the ideal generated by afll x n-minors of a matrix".

Vanishing for Maps of Tors.: GivenV-algebra homomorphismg — S — T and
a finitely generated?-module), if R andT are regular and ifR — S is integral
and injective, then the natural map

TorZ (S, M) — TorE(T, M)

is zero.
Hochster-Roberts Theorem.: Given a cyclically puré homomorphisnR — S of
V-algebras, ifS is regular, thenR is Cohen-Macaulay.

2. THE METHOD

If V' is equicharacteristic, then each of these homological properties holds uncondition-
ally, that is to say, without any bound on the complexity ([3, 8, 19]). We will use the
Ax-Kochen-Ershov Principle to deduce Theorem 1.1 from this. Let me sketch the idea
before | give more details. After a faithfully flat extension, we may assuméslimmore-
over complete. Towards a contradiction, suppose for same such bound exists. This
means that for each, we can find a complete discrete valuation rirfig of characteristic
zero and residual characterisficand some datav,, of V,,-complexity at most for which
P fails. Letr, be the residue field of ,. DefineVy? := ,[[t]], for ¢ a single variable.
Using the Ax-Kochen-Ershov Principle, we can construct for gacimilar dataco;” de-
fined over the discrete valuation rings°, so that for infinitely many, property” does
not hold fore,?, leading to the desired contradiction.

I will now explain this in more detail. The relation between the discrete valuation rings
V, andV;7is given by the following result due to Ax-Kochen [2] and Ershov [4, 5].

Theorem 2.1(Ax-Kochen-Ershov) For a fixed choice of a non-principal ultrafilter on the
set of prime numbers, the ultraproduct of &ll, is isomorphic to the ultraproduct of all
Ve,

p

For a quick review on ultraproducts, including Los’ Theorem, see {2B,for a more
detailed treatment, see [11]. Fix a non-principal ultrafilter on the set of prime num-
bers. Identify both ultraproducts via a fixed isomorphism and denote the common object

1Theparame'[er degreef a Noetherian local ring' is defined as the minimal possible length of a residue ring
S/xS, wherex runs over all systems of parameters{note that homological multiplicity is an upper bound
for parameter degree by [184]).

A homomorphismk — S is cyclically pureif I = 1.5 N R, for every ideall in R.
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by ©. By tos’ Theorem,O is an equicharacteristic zero Henselian (non-discrete, non-
Noetherian) valuation ring with maximal ideal generated by a single elemdtik a tuple

of variablesX. Itis no longer true that the ultraprodudf’™ of the V,,[X] is isomorphic

to the ultraproductdS? of the V3 X]. Nonetheless, both ultraproducts contdifiX] as

a subring. More precisely, if, € V,[X] have degree at most for somec independent
from p, then their ultraproducf ., in A™* is an element of the subring[X], and every
element inO[X] is realized in this manner. In particulaf,, can also be viewed as an
element inASd, that is to say, as the ultraproduct of elemefifsc V5 X]. In this way,

we can associate to a sequence of elemgptef uniformly boundedV’ ,-complexity, a
sequence of element&’ of uniformly boundedV’;-complexity. Although this assign-
ment is not unique, any two choices will be the same almost everywhere (in the sense of
the ultrafilter). Similarly, we can associate to a sequence of lGgadffine algebras,

of uniformly bounded complexity (or any other object defined in finite terms bygr a
sequence of local’ ;-affine algebras;; the latter are called an equicharacteristic
proximationof the former.

Let R™ and RS be the respective ultraproducts Bf, and ;. These rings have a
common local subring¥, m), consisting precisely of ultraproducts of elements of uni-
formly bounded complexity. Using for instance the result in [1] regarding uniform bounds
on the complexity of modules of syzygies, one shows that both extenBieasR™* and
R — R are faithfully flat. Moreover, using results from [12, 13, 14], every finitely gen-
erated prime ideal dk remains prime when extended to eitd@§™ or R%.. It follows that
almost all?, are domains if, and only iff is a domain if, and only if, almost alk;" are
domains.

The idea is to viewk as an equicharacteristic zero version of Rye(or, for that matter,
of the R}%), so that we are lead to prove an analogue of the homological propeity
R (and whatever other data required, arising in a similar fashion from data of uniformly
bounded/ ,-complexity). However, in carrying out this project, we are faced with a serious
obstruction:R is in general not Noetherian. This prompts for a non-Noetherian version of
the local algebra required for discussing homological properties. To this end, we define
the pseudo-dimensioaf R to be the smallest length of a tuple generatingraprimary
ideal (note that the Krull dimension is infinite and hence of no use). We sayhtlst
pseudo-regulaiif its pseudo-dimension equals its embedding dimension (=the minimal
number of generators af), andpseudo-Cohen-Macaulai its pseudo-dimension is equal
to its depth (in the sense of [6]). To derive for instance the asymptotic Hochster-Roberts
Theorem, we can now use the fact that almoskglare regular (respectively, Cohen-Mac-
aulay) if, and only if,® is pseudo-regular (respectively, pseudo-Cohen-Macaulay) if, and
only if, aimost allR;" are regular (respectively, Cohen-Macaulay).

The main tool in establishing a variant of eg@lover O is via anO-analogue of a big
Cohen-Macaulay algebra. Hochster has demonstrated (see for instance [7, 8]) how effi-
ciently big Cohen-Macaulay modules can be used to prove homological theorems. More
recently, Hochster and Huneke have given various strengthenings and generalizations us-
ing big Cohen-Macaulaglgebras Big Cohen-Macaulay algebras in equicharacteristic
zero are obtained by reduction from their existence in charactepistecabsolute integral
closures ([9, 10]). In [18], | gave an alternative construction for Id¢alffine domains,
using ultraproducts, and it is this approach we will adopt here. NamelyR farlocal
©-affine domain, leB(R) be the ultraproduct of the absolute integral closyres)*.
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Theorem 2.2 (Big Cohen-Macaulay Algebra)Let (®, m) be a local O-affine domain.
Every tuple inR of length equal to the pseudo-dimension¥bfand generating arm-
primary ideal, isB(})-regular.

Proof. Let x be a tuple of length equal to the pseudo-dimensiaf R so thatxR is m-
primary. Choosel-tuplesx;’ in Rp? whose ultraproduct is. One can show that almost
all R3*have dimensiod. By £os’ Theorem, almost at;R;" are primary to the maximal
ideal. Hence almost alt},” are systems of parameters, wheg&") *-regular by [9]. By
another application of Los’ Theorem,is B(})-regular. (]

Details can be found in the forthcoming [17].
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